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Born-Infeld Action in (n + 2)-Dimension,
the Field Equation






In this paper we introduce the (n + 2)-dimensional Born-Infeld
action with a dual eld strength ~H. We compute the eld equation
by using Schur polynomials and give a soliton solution.
1 Introduction







~H@5B + g( ~H)

where g( ~H) = 2(
q
−det( + i ~H)− 1)
is introduced. g( ~H) is called Born-Infeld Lagrangean. The Born-Infeld action
is a non-linear extension of the Maxwell theory [2], and has its duality [3].
Moreover, this action appears in recent M theory.
In this paper we shall investigate the Born-Infeld action in (n + 2)-
dimensional Minkowski space and its eld equation.
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Let (Mn+2; ) be (n+2)-dimensional Minkowski spaces whose coordinate
is (x0;    ; xn+1) , where
 = (−;+;    ;+| {z }
n+1
):
Let B1n−1 be a (n − 1)-form valued gauge eld and let H1n =
@[1B2n] be its eld strength; H = dB.







; ;    = 0; 1; 2; : : : ; n+ 1
012n+1 = 1:
As usual, we use the following matrix notation:
~H = ( ~H);  = ();
( ~H2k−1) = ~H1 ~H
12    ~H2k−2 :
These are (n+ 2) (n+ 2) matrices.
For j = 0; 1; 2; : : : ;m, let S1j (z) be Schur polynomials with variables











k1!   km!
zk11    z
km
m (1.1)
(see, for example, [4]).




(j1 +   + 
j
m) j = 1;    ;m; (1.2)
S1j (z)’s become the fundamental symmetric polynomials of degree j with re-
spect to 1;    ; m.
We shall use the next lemmas:
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1A = (−1)i−1 m−iX
j=0
S1j (z): (1.3)




Tr( ~H)2j (j = 1;    ;m):
Then we have




2 Action and the eld equation







−det( + i ~H)− 1)

: (2.1)
We calculate the variation of this action with respect to B1n−1 . By the












































as in Lemma 1.3. Hence we have the eld equation:
1n@1A = 0:
The following two equations correspond to the Bianchi identity and the Yang-
Mills equation in the Maxwell theory.
dH = 0; (2.4)
1n@1A = 0: (2.5)
3 Reduction of eld equations
We start from the ansatz:
H  iXΩ (3.1)
where
 = (x1;    ; xn+1)
X = grad
Ω = dx1 ^    ^ dxn+1:




(−1)j−1(@j)dx1 ^    ^ dxj ^    ^ dxn+1 (3.2)
H1n = 01nn+1@n+1:
Under this ansatz, the Bianchi identity (2.4) becomes
 = 0: (3.3)
Next, we shall see how our Yang-Mills equation (2.5) becomes under the
ansatz.
The dual form ~H of H is given by(
~H0j = −@j (j = 1;    ; n+ 1)
~H = 0 otherwise.
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zj1 (j  2); z1 =
1
2
Tr( ~H)2 = jgradj2 (3.5)
where n = 2m−1 or 2m−2, because zj for j  2 is obtained by the following
formula:
( ~H2k−1) = z
k−1
1
~H (k = 1; 2;    ;m): (3.6)
We have from (1.1)
S1j (z) = 0 (j  2): (3.7)




k−1(1 + z1)( ~H






Here non-trivial components are only
A0j = −Aj0 = −
@jq
1 + jgradj2
(j = 1; 2; : : : ; n+ 1):




= 0 (1  j < k  n+ 1) (3.8)
where ff; ggj;k  (@jf)(@kg)− (@kf)(@jg):
Thus, under the ansatz (3.1) we have reduced the eld equations (2.4) and
(2.5) to the following forms:(
Bianchi identity (2:4) −!  = 0 (3:3)
Yang-Mills equation (2:5) −! f; jgradj2gj;k = 0 (3:8):
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4 Soliton solution
Now we suppose that  has the following form:









where c1 and c2 are constants. Therefore (4.1) is considered as a 1-soliton.












dx1 ^    ^ dxj ^    ^ dxn+1:
We have dH = 0 on Rn+1 − f0g, hence there exists a B locally such that
H = dB and the B is a solution of the eld equation. Next, we calculate the
B concretely.
Proposition 4.1
B = f(r; xn+1)
nX
j=1
(−1)n+jxjdx1 ^    ^ dxj ^    ^ dxn
where
if n = 2m− 1,
f(r; xn+1) =
(2m− 3)!!

















if n = 2m− 2,
f(r; xn+1) =
(2m− 4)!!


























fr − xn+1 + t2(r + xn+1)gn
dt




−f(r; xn+1)1n−1nxn if 1;    ; n−1 = 1;    ; n
0 otherwise
where 12n = −1.
Remark 4.2 In polar coordinates8>>>>>>><>>>>>>:
x1 = r sin 1 cos 2
...
xn−1 = r sin 1 sin 2    sin n−1 cos n
xn = r sin 1 sin 2    sin n−1 sin n
xn+1 = r cos 1;
then (
H = (−1)n sinn−1 1 sin
n−2 2    sin n−1d1 ^    ^ dn
B = (−1)ng(1) sin
n−2 2    sin n−1d2 ^    ^ dn
where






























We have dened the Born-Infeld action in (n + 2)-dimensional Minkowski
space and have constructed a solution of the eld equation.
The 1-soliton (4.1) is a solution of (3.3) and (3.8). Therefore, it is natural







are solutions of (3.3) and (3.8) or not. But (5.1) don’t satisfy (3.8) though
(5.1) satisfy (3.3).
Another problem is to understand the geometrical meaning of the gauge
eld B.
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